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Abstract 

In this paper we present a new technique for computing 
the fundamental matrix. The algorithm finds the epipole 
to determine the fundamental matrix, and this approach 
leads to a simpler minimisation problem than previous 
algorithms. From this we also developed a linear 
algorithm superior to existing ones. 
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1. Introduction 

The fundamental matrix is a basic tool in the analysis of 
scenes recorded using an uncalibrated camera. It is a 
3×3 rank 2 matrix that describes the epipolar geometry 
for a pair of images. The importance of the fundamental 
matrix has been stressed in the last few years and it is 
now believed that it will have a crucial role in future 
applications of Computer Vision. Applications using the 
fundamental matrix include 3D-structure recovery [1,2], 
motion segmentation [7] and camera self-calibration [9]. 
Because of its importance, many algorithms have been 
developed for estimating the fundamental matrix and 
they can be classified into two categories:  

• Linear, eight-point algorithms ([3, 5, 8]);  

• Non-linear algorithms ([2, 10]). 

The advantage of the eight-point algorithms is that they 
are linear, hence fast, and easily implemented. These 
algorithms do not use the known constraint that 
( 0)det( =F ), and consequently are sensitive to noise. 

Employing this constraint, which is necessary when less 

than eight matched feature points are available, results 
in a non-linear problem. Existing algorithms for this 
require minimisation of a non-linear function in a high 
dimensional space (at least seven), which is rather costly 
for algorithms intended for real-time applications. 

Recently, Hartley [3] has shown that by preceding the 
linear algorithm with a normalisation (translation and 
scaling) of the coordinates of the matched points, the 
performance of the linear algorithm improves to the 
point that the results are comparable with those 
produced by non-linear techniques.  

In this paper, we propose a new linear algorithm for 
computing the fundamental matrix and show that its 
performance is superior to Hartley’s algorithm, 
especially when only a small number of matched points 
are available between the two images. Further, we 
modify this algorithm into a (non-linear) subspace 
method that computes the fundamental matrix through 
an optimisation of the cost function in a compact two-
dimensional space (the surface of a unit sphere) and 
show that this results in superior performance for the 
algorithm. 

2. Background 

2.1 Notation 

In this paper we assume a pinhole camera model. The 
coordinates of an arbitrary 3D world point are denoted 

TZYX ),,(=P and its projection on the first and the 

second images are Tyx )1,,(=p  and Tyx )1,’,’(’=p  

respectively, where p and ’p  denote homogeneous 

coordinates. 
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2.2 Linear Algorithm 

A fundamental matrix is defined by the equation: 

 0’ =pp T F  (1) 

This matrix is defined up to scale only and has rank two. 
The eigenvectors of matrix F and FT correspond to the 
epipoles in the first and second image respectively. 
Given n point correspondences, equation (1) can be 
rewritten as a set of linear equations in the elements of F 
and we obtain 

AF = 0, (2) 

where   
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If eight or more ideal matches are available the rank of 
A is exactly eight (except for some degenerate cases) 
and hF = , where h is the unit eigenvector associated 

with the zero eigenvalue of AAT . In the presence of 
noise h is found as a unit vector that minimises ||Ah||, 

and this is the unit eigenvector of AAT  associated with 
the smallest eigenvalue. The matrix F is then 
determined as 
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As det(F) has to be 0 (singularity constraint), the matrix 
F is replaced by the matrix ’F  that minimises Frobenius 
norm ’FF −  subject to the condition det( ’F )=0 and 

this is done in the following way. Let TUSVF =  be the 
singular value decomposition of F, where S is a 
diagonal matrix ),,diag( tsrS =  satisfying tsr ≥≥ . 

Then TVsrUF )0,,diag(’= . The proof that the matrix 

’F minimises Frobenius norm ’FF −  may be found 

elsewhere (see [10]). This method has been proposed by 
Tsai and Huang and is widely accepted. 

2.3 Normalised linear algorithm 

Hartley [3] studied the numerical instability of the linear 
algorithm when pixel coordinates are directly used and 
has found that typically the linear algorithm has quite a 
large condition number which causes its high instability. 
To overcome this drawback he proposed a simple 
normalisation of the input data, which significantly 
reduces the condition number, prior to running the 8-
point algorithm. He has found (and it was confirmed 
elsewhere [10]) that the normalisation step leads to 
significantly better results, comparable to those obtained 
by non-linear algorithms His algorithm is summarised 
below (for more details the interested reader is referred 
to the original paper [3]): 

1. Transform image coordinates according to 

ii Tpp =ˆ  and ’’ ’ˆ
ii T pp = . The transfor-mations T 

and T’  are chosen in such a way that the centroids 

of ip̂  and ’ˆ
ip  are at the origin and the average 

distance of points to the origin is 2 . 

2. Find the fundamental matrix F̂  corres-ponding to 

the matches ’ˆˆ
ii pp ↔ .  

3. Compute the original fundamental matrix as 

TFTF T ˆ'= . 

3. The computation of the Fundamental 
Matrix 

Let us consider system (2) again. For convenience we 
will rewrite it here. 

 Ah=0. (4) 

To solve the system we have to perform an 

eigendecomposition of matrix AAT . Let the 
eigenvectors of this matrix be 91 hh ,,�  corresponding 

to the eigenvalues 9λλ ,,1 �  in non-decreasing order 

and let [ ]91 hh �=H  be a matrix containing these 

vectors. The best solution of in terms of the least square 
error (4) is vector h1 and the error is 11 λ=hA . 

However, the fundamental matrix associated with this 
vector will not, in general, satisfy the constraint 

0)det( =F . To satisfy this constraint we are attempting 

to directly solve the system 
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 0)det(,1,min == FA hh  (5) 

We write the solution of this system as 

 91 hhh 91 aa ++= �  (6) 

where [ ]Taa 91 �=a  are coefficients to be found. 

The fundamental matrix F can be written as 

 9911 FaFaF ++= �  (7) 

where iF  are fundamental matrices correspon-ding to 

eigenvectors ih . And now, if the matrix F is to have 

rank 2 then one of the eigenvalues of TF  must be zero. 
Let T denote the unit eigen-vector corresponding to 
unique zero eigenvalue. Then it must hold: 

 [ ] 0aaTT

TTT

==

=++=

BFF

FaFaF
TT

TTT

91

9911

�

�
. (8) 

We note here that matrix B is of rank 3 and that 

consequently matrix BBT  must have rank 3. Let 

61 gg ,,�  denote the null space of BBT  and let 

[ ]61 gg �=G . Then the solution of (8) may be written 

as 

 bgga 61 Gbb =++= 61 �  (9) 

where [ ]Tbb 61 �=b  are the coefficients to be 

found. Now, equation (4) can be written as 

 bah AHGAHA ==  (10) 

and the cost function 
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Vector b that minimises (11) is given as the eigenvector 
corresponding to the smallest eigenvalue of matrix M(T) 
and the minimum value of the cost function ||Ah|| is a 
square root of this eigenvalue [see Appendix]. Once b is 
computed, a is found using (9) and F is found using (7). 

3.1 Linear algorithm 

As shown in Section 2.2 the linear algorithm is typically 
performed in two steps: 1) Find the fundamental matrix 
F that is the best solution of (2) in the least squares 

sense; and 2) Replace F with matrix ’F  that minimises 
Frobenius norm ’FF − . 

Our linear algorithm has the same first step, but the 
second step is different. Namely, we first compute the 
epipole in the second image ’e  as the eigenvector 
corresponding to the minimum eigenvalue of matrix FT 
and then find matrix "F  which has the same epipole 
and minimises (2), using the procedure described in the 
previous section:  

• Compute B = B( ’e ) 

• G = nullspace(BTB) 

• Compute M from (11) 

• Compute b as the eigenvector corresponding to the 
smallest eigenvalue of matrix M 

• Compute a from (8) 

• Compute "F  from (7) 

Note that ’F  will have the same epipole as "F . 
However "F  is the best solution of (5) over the set of 
matrices characterised by the eigenvector ’e  and hence 
it has a lower error than ’F . 

3.2 Subspace algorithm (Non-linear) 

From (11), it may be seen that the task of finding the 
fundamental matrix that minimises (5) can be reduced to 
the finding the unit vector OT  that minimises the 

smallest eigenvalue of M(T). As T is a unit three-
dimensional vector the search space is the surface of the 
unit sphere, which is a compact two-dimensional space, 
and the problem is relatively simple. As an initial value 
we can take the unit eigenvector iT corresponding to the 

smallest eigenvalue of matrix FT and then use any 
minimisation method to find the optimal value for T. 
We noted that the eigenvector corresponding to the zero 
eigenvalue of the matrix ’F  is the epipole of the second 
image ’e . This means that our algorithm is trying to find 
the value of the epipole ’e  that minimises the cost 
function and then recovers the other parameters. This is 
in line with the results obtained by Luong [4], who 
found that the stability of fundamental matrix is 
characterised by the epipole stability. Finally, to 
perform the optimisation any iterative procedure can be 
used – we used either the simplex method implemented 
in MATLAB or Powell’s method ([6]) as they do not 
require the computation of the derivatives. 
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4. Experimental Results 

The algorithms were tested using a number of images 
with differing placements of the epipole and having a 
range of the number of matched feature points. The 
results shown here were obtained for the hotel image 
sequence and for the image calibration pair (Figures 1 
and 2). For the hotel image pair there are 197 matches 
and for the image calibration pair there are 128 matches. 
For both images we performed five different algorithms 
to find the fundamental matrix: Hartley’s linear 
algorithm, our linear algorithm, our subspace algorithm, 
Luong’s algorithm which minimises distances from 
points to their epipolar lines in both images and the 
optimal algorithm which minimises distances from 
points to their reprojections in both images and which is 
sometimes referred to as the optimal algorithm.  

     

Figure 1. Two images of the hotel image sequence 
and corresponding epipolar lines. 

     

Figure 2. Image calibration pair. 

For all algorithms, we first performed norma-lisation 
described in section 2.3 to improve the condition 
number of the system. For the first three algorithms we 
ran our own programs, while for the last two we used 
programs written by Zhang (accompanying [10]), which 
are publicly available at INRIA. 

The graphs below show the results over thousands of 
runs of the algorithms with N matched feature points 
being randomly selected from those available. The 
algorithms were run fifty times for each selection of set 
of N points, where N took values between 8 and 50. The 
error was defined as a distance from a true point 
location to its optimal reprojection. Projective 

reconstruction was done using the algorithm introduced 
by Hartley ([3, 10]). As the true point location was 
unknown, it was estimated by using all available points, 
while its optimal reprojection was computed using only 
N point matches. The graph shows the average error 
over 50 runs for each value of N. 
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Figure 3. Comparison of Hartley’s normalised linear 
algorithm, our normalised linear algorithm, our 
subspace algorithm, Luong’s algorithm and optimal 
reprojection algorithm: a) the hotel images pair; b) 
the calibration pair. 

The Figure 3 shows the performance of the five 
algorithms. The graph on the left is for the data from the 
hotel sequence. It may be seen that our linear algorithm 
performs significantly better than Hartley’s algorithm, 
especially for a small number of points, when the 
average error is about half of that obtained by Hartley’s 
algorithm. The subspace algorithm performs even better 
having an average error about four times smaller than 
Hartley’s algorithm. It may be noted that our linear 
algorithm performs consistently better than Hartley’s for 
all values of N. For the first image pair (hotel image) all 
non-linear algorithms have almost the same 
performance, while for the second pair our algorithm 
and the optimal reprojection algorithm have a similar 
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performance, which is better than Luong’s algorithm. 
The significant difference is that optimal reprojection 
algorithm is much slower than our subspace algorithm. 

Figure 4 shows the average reprojection error of the 
above algorithms versus number of used point matches. 
The reprojection error is compu-ted as a distance of 
measured point location pi and its reprojection ip̂ . In 

other words, for a set of N point matches Nppp ,,, 21 �  

we compute a fundamental matrix F and then compute 
reprojection set Nppp ˆ,,ˆ,ˆ

21 �  and the average 

Euclidean distance )ˆ,( iid pp . The average reprojection 

error is computed by running each algorithm fifty times 
for each value of N and then computing the mean value 
of the error. 

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

0.04

5 10 15 20 25 30 35 40 45 50

A
ve

ra
ge

 R
ec

on
st

ru
ct

io
n 

E
rr

or

Number of points

Hartley algorithm
New linear algorithm
Subspace algorithm

Luong algorithm
optimal reprojection algorithm

     

0

0.2

0.4

0.6

0.8

1

1.2

5 10 15 20 25 30 35 40 45 50

A
ve

ra
ge

 r
ec

on
st

ru
ct

io
n 

er
ro

r

Number of points 

Hartley algorithm
New linear algorithm
Subspace algorithm

Luong algorithm
optimal reprojection algorithm

    

Figure 4. Comparison of average reprojection error 
obtained by five algorithms. The first graph is for the 
hotel image pair, while the second one is for the 
calibration pair. 

It may be noted that for a small number of matched 
feature points our non-linear algorithm performs 
considerably better than Hartley’s algorithm, while our 
subspace algorithm performs even better. As the number 
of matches increases, the performance of the algorithms 

tends to converge. As before, for the second image pair 
the subspace and optimal reprojection algorithm have 
similar performance, again better than Luong’s 
algorithm. 

5. Conclusion 

In this paper we have presented two new algorithms for 
the estimation of the fundamental matrix. We have 
shown that the common procedure of imposing the 
rank-2 constraint on the fundamental matrix by 
minimising Frobenius norm is suboptimal, and that a 
significantly better, yet still linear procedure can be 
employed. In this linear procedure we fix one of the 
epipoles and then find the fundamental matrix with the 
same epipole that minimises total error. Further, using 
the fact that if one of the epipoles is known the 
fundamental matrix can be uniquely computed, we 
reduce the task of finding the fundamental matrix (7-D 
minimisation problem) to the task of finding one of the 
epipoles (2-D minimisation problem). A possible 
drawback of our algorithms are that they do not 
minimise “physically meaningful values” such as the 
distance from points to their epipolar lines or 
reprojections, as is typically done by other non-linear 
algorithms and therefore the small error of our 
algorithms may be found somewhat surprising. 
However, Luong [4] has found that the parameterisation 
of the fundamental matrix has a much larger influence 
on the stability of the computed fundamental matrix 
than the minimising criteria. Both algorithms have been 
tested using a wide range of images. The linear 
algorithm was found to perform better than existing 
linear algorithms, and in fact had a performance 
comparable to non-linear algorithm with a much lower 
computational cost. The non-linear algorithm was found 
to perform as well as the best non-linear algorithms, 
with the advantage that our algorithm is easier to 
compute due to the smaller optimisation space. 

Appendix 

Here we prove that the value for b which minimises 
(11) is the eigenvector of M(T) corresponding to the 
smallest eigenvalue and that the value of the cost 
function is this eigenvalue. 

First, note that the matrix M(T) is symmetric, i.e. 

 )()()( TT MGGGGM TTTT =Λ=Λ=  

Consequently, M(T) can be written as 
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M(T) = UTΓU 

where [ ]61 uu �=U , ),,diag( 61 γγ �=Γ  and 

61 ,, γγ �  are eigenvalues of M(T) in non-decreasing 

order and 61 uu ,,�  are correspon-ding eigenvectors. It 

is easy to show that M(T) is positive definite, i.e. all it’s 
eigenvalues are positive. Now, we have 
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and since 61 γγ ≤<�  it must be 

[ ]T000001±=q . Without loss of generality 

we can take plus sign and then 

1)( γ=bTbT M  

and 

1uqb == TU , 

which is the desired result. 
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