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Abstract

A fastandsimplealgorithmfor approximatelycalculatingtheprincipalcom-
ponents(PCs)of a datasetandsoreducingits dimensionalityis described.This
SimplePrincipalComponentsAnalysis(SPCA)methodwasusedfor dimension-
ality reductionof two high-dimensionalimagedatabases,oneof handwrittendigits
andoneof handwrittenJapanesecharacters.It wastestedandcomparedwith other
techniques.OnbothdatabasesSPCAshowsafastconvergenceratecomparedwith
othermethodsandrobustnessto thereorderingof thesamples.
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1 Introduction

High dimensionaldataanalysisis becomingincreasinglycommonasnew problems
areplacinggreaterdemandsoncomputingresources.With highdimensionaldata,it is
difficult to understandtheunderlyingstructure:it is difficult to “seethewoodfor the
trees”.Additionally, thestorage,transmissionandprocessingof highdimensionaldata
placesgreatdemandson systems.Hence,it is desirableto reducethedimensionality
of thedata,whilst maintainingasmuchof its originalstructure.

Sincethebeginningof this century, several researchers(for example,[2], [6], [8]
and [9]), have developeddimensionalityreductiontechniques;principal component
analysis(PCA) is oneof thesetechniques.In mathematicalterms,� correlatedrandom
variablesaretransformedintoasetof �	�
� uncorrelatedvariables.Theseuncorrelated
variablesarelinearcombinationsof theoriginal variablesandcanbeusedto express
the datain a reducedform. Datamodellingand patternrecognitionare betterable
to work on this reducedform, andthe form is efficient for storageandtransmission.
PCA is alsosometimesusedasa datavisualizationtechniquesincehigh dimensional
datasetscanbereducedto a low dimensionandthenplotted.

Dueto thecomputationalrequirementsof standardmethodsonlydatawith ���
�����
dimensionswereconsidereduntil recently. Furthermore,the standardtechniquesdo
notwork adaptively andsoareoftenmuchtooslow for real-timeapplications.

We introduce,in this article, the SimplePCA (SPCA)methodthat producesap-
proximatesolutionswithout theneedfor calculatinga variance-covariancematrixand
thendiagonalizingit (asdomosttraditionalmethods)anddoesnotdependon learning
parameters(asdo neuralnetworks). Most importantly, for high dimensionaldatasets,
SPCAis fasterthanotherexistingtechniquesandis easyto implementasabatchor an
adaptivetechnique.

Section2 briefly describesprevious work on batchand adaptive techniquesfor
PCA. Section3 describesthe SPCAalgorithmandin Section4 we show the results
of usingSPCAon two handwrittencharactersdatabasesandcomparethis with other
methods.Finally, Section5 concludes.

2 Dimensionality Reduction Methods

Two typesof methodshavebeenusedfor PCA.Firstly, therearethemoreconventional
matrix methods, in which all the dataare usedto calculatethe variance-covariance
structureand expressit in a matrix. This matrix is then decomposedsuchthat the
decompositionrevealsmoreabouttheprincipaldirectionsof thevariances.In practice
thisusuallymeansthatthematrixis diagonalizedusingsomenumericaltechniquesuch
assingularvaluedecompositionor theHouseholder-QRtechnique([1] and[5]).

We will call thesecondtypedatamethodssincethey work directly with thedata.
They might be implementedadaptively so thedirectionsof thePCsareadjustedafter
a new datumis received, without the needof reusingall the data. This approachis
suitablefor real-timeapplicationsor for very high dimensionalproblemswherethe
computationalexpenseis an importantconsideration.Neuralnetworkswith Hebbian
learninghavebeenproposedfor adaptivePCA[4]. However, theperformanceof these
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schemesdependsheavily on the learningparametersandtheir properdetermination
makesthemtimeconsuming.

2.1 Matrix Methods

Most multivariateanalysistextbooks(for example[1], [3], [7] and[10]) describema-
trix methodsfor performingPCA.Thegoalis to find theeigenvectorsof thecovariance
matrix. Theseeigenvectorscorrespondto thedirectionsof theprincipalcomponentsof
theoriginaldata,their statisticalsignificanceis givenby their correspondingeigenval-
ues.In moredetail,thesetechniquescanbestructuredas:

1. Collect ��� of an � dimensionaldataset � , ����������������� �"! .

2. Meancorrectall thepoints:calculatethemean� andsubstractit from eachdata
point � �$# � .

3. Calculatethe variance-covariancematrix % . Sometimesthecorrelationmatrix&
is usedinstead.

' �)(*�,+-��� # ��./+-��� # �0.
4. Determineeigenvaluesandeigenvectorsof the matrix. % is a real symmetric

matrix so a positive real number 1 anda nonzerovector 2 canbe found such
that

%324�5162
where 1 is calledaneigenvalueand 2 is aneigenvectorof % . To find a nonzero2 thecharacteristicequation7 % # 168�7��9� mustbesolved.If % is a �;:<� matrix
of full rank, � eigenvaluescanbefound 1>=?��16@?�������0��16A . Using +B% # 1DCE.F24�5�
all thecorrespondingeigenvectorscanbefound.

5. Sort theeigenvalues(andcorrespondingeigenvectors)sothat 1 =HG 1 @3G,I�I�I>G16A .

6. Selectthefirst �J�5� eigenvectorsandgeneratethedatasetin thenew (usually
compressed)representation.

2.1.1 Finding Eigenvalues and Eigenvectors

Thedeterminationof eigenvaluesandeigenvectorsin item 4 above canbeperformed
usingany diagonalizationroutine. If thematrix KL�M+N2 = �O2 @ �������$�O2 A . containsthe
eigenvectorsof asymmetricmatrix % , then K is orthogonal,and % canbedecomposed
as

%P�9KRQ	KTS
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whereQ is adiagonalmatrixof theeigenvalues.Singularvaluedecomposition(SVD)
is widely usedfor thisdiagonalisationbecauseof its numericalstability. It will always
find all theeigenvaluesandeigenvectors,evenwhenonly thebiggesteigenvaluesand
correspondingeigenvectorsarerequired.SVD canalsobeviewedasa moregeneral
methodusedfor solvingtheeigen-problemin non-squarematrices.

However, the fastestknown techniquefor finding all the eigenvectorsandeigen-
valuesof a squarematrix is to firstly transformthematrix into tridiagonalform (using
the Householdertransformation)andthento decomposethis tridiagonalmatrix into%P�
U & form, where U is orthogonaland

&
is uppertriangular(see[5]).

We ultimatelywant �V�
� of theeigenvaluesandeigenvectors.If �XWY� thenit is
wastefulto calculateall � eignevaluesandeigenvectors,only thento discard� # � of
these.Hotelling’spowermethod[6] is aniterative techniquewhichcanbeusedto find
just thelargest �Z�
� of theeigenvaluesandeigenvectors.As it findstheeigenvalues
andeigenvectorsin order, item 5 above is unnecessary. As it is aniterative technique,
thetime takendependson thenumberof iterationsrequireduntil convergence.

Thetimecomplexity of thematrixmethodsfor thedifferentitemsgivenaboveare:
item 2: [X+\!V�0. , item 3: [X+-!T� @ . , item 4: [X+-��]^. for SVD andHouseholder-QR and[X+\��� @ . for Hotelling’spowermethod,item5: [X+-�;_a`�bc�0. , item6: [X+N���0. . In summary,
to calculatetheprincipalcomponentsof a datasetusingSVD or theHouseholder-QR
technique,thetimecomplexity is [X+\!V� @ed ��]�. , andusingHotelling’spowermethod,
it is [X+-!T� @fd ��� @ . .
2.2 Data Methods

Althoughonly � of the � dimensionsareused,we seethat the complexity of matrix
methodsgrow at leastquadraticallywith thedimensionof thedata.Thiscanrenderthe
matrixmethodsimpracticalwhen � is large,or whentime is atapremium.

For thisreasonneuralnetwork modelsthatperformPCAhaverecentlybeendevel-
oped[4], mostof themusingHebbianlearningrules.In generaltheseneuralnetworks
will containprocessingunitswith forwardconnectionsgivenby matrix K , wherethe
columnvectorsg � aretheconnectionsbetweentheinputs �0h andtheoutput i � . The � th
weight, g�� is usedto approximatethe � th eigenvector, 2*� . Theoutputunitshaveavalue
givenby:

i � �jg S� �0h
In someof Hebbianarchitecturestherearealsolateralconnectionsbetweenoutputs,
suchthattheseoutputseffecteachother(see[4] for a full description).

In the k th iteration,Hebbianlearningrulesupdatetheweightsusing:

g h/l =� �9g h� dnm +\i � �O�0h?. (1)

where m is somefunctionof theinputsandoutputs.
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Oja’s rule is apopularHebbiantechniquefor findingaprincipalcomponent,andis
representative of many of the approacheswhich have beenstudied. Its form for m is
givenby:

m +-i � �"�0h?.e�jo>h;pNi � �0h # i � i � g h��q
where o h is a learningrate, i��-� h is known as the Hebbianterm, and i��-i��Ng h� is an
anti-Hebbianterm.TheHebbiantermis responsiblefor driving theweight g h� towards
theeigenvector 2*� , andtheanti-Hebbiantermis responsiblefor keepingtheweights
bounded.All Hebbianlearningruleshave theHebbianterm;they vary in thelearning
parameter, theanti-Hebbiantermandthe lateralconnectionsmatrix. It canbeshown
thatundersomereasonableconditions,that g h�3r 2 � as k rYs (see[4]).

Thecomplexity of Hebbianrulesis [X+N��!T�0. for thedeterminationof � principal
componentsof !P� -dimensionaldata.Theconstantsdependonthetimerequireduntil
convergence,which in turn is dependantlargelyon thelearningrate o>h .
3 The Simple PCA (SPCA) Algorithm

In this sectionwe describea new algorithmthatproducesapproximatesolutionsin an
efficient way. It is a dataorientedmethodandlike in Hebbianlearning,thealgorithm
doesnot explicitly calculatenor diagonalisethecovariancematrix. Also SPCAdoes
not requirethe tuningof learningparameters(a problemwith Hebbianlearning)and
convergenceis obtainedwith very few iterations.

SPCAis not a Hebbianalgorithm,althoughit doeshave similarities. It doesnot
necessarilyadd a Hebbianterm (linear function of i��\� h ), instead,SPCA considers
otherforms of m . In particular, we will show herethe resultsfor two differentfunc-
tions m = and m @ . As SPCAis intendedto be a fast approximatorfor the principal
components,weconsiderthethresholdfunction:

m =�+-i��"�"� h .e�
t �0h if i �vu �� otherwise

Whenconsideringmeancorrecteddata,it canbe shown that this is equivalentto
chosingmfw = , exceptthat m = canbeimplementedfaster.

m w = +\i � �O�0h�.c�
t d �0h if i �vu �# � h otherwise

We alsoconsidera secondfunction, m @ whichgivestheHebbianterm.

m @ +-i � �"�0h�.c�ji � �0h
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Eachprincipal componentdirectionfound is normalised,in orderto avoid diver-
gence,so we do not usethe anti-Hebbianterm. Either of thesealgorithmsmay be
implementedin an iterative or a batchmode. Initially gyx canbesetto any vector. In
a batchmode,thesumof m +\i��F�O�>(^. over all samples�>( , is calculatedwhere i�� is cal-
culatedrelative to the old estimateg h . (For m = this is equivalentto summingthose
vectorspositively correlatedwith g h .) This sumis thennormalisedto give the new
estimate(equation2).

g hzl = � { ( m +\i � �O� ( .||| { ( m +\i � �O� ( . |||V} i � �~pBg h q S � ( (2)

In an iterative mode,updatingis performedaccordingto equation1, andtheesti-
mateis normalisedonceevery pass.Unfortunatelywith m @ , the terms g h and i can
divergeduringthepass,if unconstrained.Hencem @ is modifiedfor theiterativeruleto
includea normalisingconstant:

m iter.@ +-i � �"�0h?.e� �� g h � i � �0h
Sofar themethodof findingoneprincipalcomponentaccordingto SPCAhasbeen

described.In orderto find thenext principalcomponent,theeffectof thefirst principal
componentis removedfrom thedataset,soasto avoid beingfoundagain.Theremoval
of acomponentfrom thedataset,is called“deflation”. Thisis performedby subtracting
thecomponentof eachdatumwhich is parallelto the principal componentfrom that
datum,leaving only an orthogonalcomponent.That is, datum � � , is deflatedby the
unit principalcomponentdirection g , accordingto:

���� �5� �$# +Ng S � � ."g
ThebatchSPCA= algorithmis geometricallydescribedin Figures1 to 3.

The algorithmiccomplexity of the SPCAalgorithmsis [X+\��!V�0. which is equal
to thecomplexity of Hebbianlearningalgorithms,however eachiterationof SPCAis
fasterandweexperimentallyshow thatthetime takenuntil convergenceis faster.

4 Experiments and Results

Thegoalof PCAis to explainasmuchvarianceaspossiblewith thesmallestnumberof
variables(PCs).All themethodswhich we examinedhave similar compressionrates,
that is when they have convergedthey all explain approximatelythe samevariance
usingthesamenumberof principalcomponents.

Our intention with theseexperimentsis twofold, first to show that SPCA is a
fastmethodfor producingthe principalcomponents.This is importantsincein both
databasesa smallnumberof variablescanbeusedto explain mostof thevariance(ie

6



ak

Figure 1: Data points
(dots) with an approxi-
matePC direction(an ar-
row), and its orthogonal
plane(a dashedline).

ak

ak+1

Figure2: A betterapprox-
imation to the PC direc-
tion is given by the nor-
malisedsumof thepoints
“above” theplane.

a

Figure3: The datais de-
flated onto the plane or-
thogonalto thePCfound.
SPCAis thenrepeatedon
thedeflateddata.

thereis ahighcompressionrate).Secondly, thatSPCA’sperformanceis robust,(ie. the
errorsdueto reorderingthedataaresmall).

For thesakeof succinctnessweonly show heretheresultsontwo datasetsof optical
characters;severalotherdatasets( �����,�5�����H���?� ) in differentdomainshave been
experimentedwith andsimilar resultshave beenobtained.Theseresultsaregivenin
termsof theaccumulatedexplainedvariance( �3� ) of � principalcomponents.

���6�*� { ��a��= 1 ���� +B%�. � { �����= 1 �
{ A�a��= 1 (

This shows the accumulatedrelevanceof the principal componentswhich arefound,
relative to thetotalvarianceof thedataset.

4.1 Datasets

Thehandwrittendigits datasetcompiledby AT&T [11] consistsof 11716samplesin
256-dimensionalgreyscaleimages( ����:X��� ) classifiedin 10classes,onefor eachdigit:
mostarerealhandwritten;someareartificially generated.Most of theclassescontain
morethan1000samples.Examplesof theseimagesaregivenin Figure4.

1 3 5 8 2 2 9 8 1 3

Figure4: Sampleimagesof thehandwrittendigitsdatabase.

The seconddatabasestudiedwas basedon a set of handwrittenJapaneseKanji
charactersrepresentedin ���X:���� greyscaleimages(1024dimensions)formedby av-
eraging �T:�� regionsin the original �?�T:��?� binary imagesof the characters.Only

7



a smallsubsetof theoriginal databasewasusedfor theseexperiments:we used1920
itemsof 1024-dimensionaldatafrom 12classes.Therewere160imagesof eachof the
12classesused.Examplesof theseimagesaregivenin Figure5.

Figure5: Sampleimagesof thehandwrittenJapanesedatabase.

4.2 Methods

Thematrixmethodswhichweexaminedweresingularvaluedecomposition(Numeri-
cal Recipes’implementation[5]), Householder-QR(NumericalRecipes’implementa-
tion [5]) andHotelling’spowermethod(from [4]). In thediagramswhichfollow, these
aregiventhelabels“SVD”, “Householder-QR” and“Power” respectively.

ThedataorientedmethodswhichweexaminedwereOja’ssingle-unitrule,SPCA=
andSPCA@ . For Oja’s rule, in orderto calculatemorethanoneprincipalcomponent
direction, the deflationprocedure(given above) was used,as opposedto Oja’s M-
unit rule or Sanger’s rule (see[4]). This wasdonein orderto examinethe effectsof
theSPCAalgorithmin isolation,thoughno significantdeparturesfrom themulti-unit
ruleswerenoted.We experientedwith two versionsof Oja’s single-unitrule,onewith
afixedlearningrate o , andonewith a learningratewhich is optimally([4]) adaptively
changedaccordingto

o>h;� o x� h
where� h is roughlyequalto thevarianceof theoutput,asdefinedin [4]. Oja’ssingle-
unit rule with the fixed learningrateis denotedby “Oja”; with the adaptive learning
rate,by “A-Oja” in thefigureswhich follow.

In all the following experimentsinvolving SPCA we appliedone iterative pass
throughthedatausing m = , this wasfollowedby betweenzeroandtenbatchiterations
using m = for SPCA= and m @ for SPCA@ .
4.3 Results

In Figures6 and7 we have plottedtheexplainedvarianceof 10 componentsasa per-
centagefor the SPCAmethodsfor differentnumbersof iterations. The dashedlines
in thesefiguresrepresentthemaximumobtainableexplainedvariance—thisexplained
variancewasobtainedusingSVD. Theperformanceof SPCA= is denotedwith a “1”;
SPCA@ with a“2”. Wenotethatwith bothdatasetsthemethodsbehavein similarways
for all the classes,they all tendto converge to the maximum,andthat the explained
variancefor the simpler imagesis higherthanfor the complex ones. We give more
detailsof theseresultsfor thefirst classof eachdatabase.
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Figure6: Convergenceof explainedvarianceof SPCAasa functionof iterations,for
differentclassesof thehandwrittendigitsdataset.
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Figure7: Convergenceof explainedvarianceof SPCAasa functionof iterations,for
differentclassesof thehandwrittenJapanesedataset.

Figure8 shows thereconstructedimagesaftercompressionusing10 components,
we canseethat this compressionstill retainsmostof the significantfeaturesof the
image.

We now turn our attentionto thespeedupachievedwith SPCA.Figures9 and10
show theexplainedvarianceof 10componentsfoundby eachmethodagainstthetime
takentocomputethesolution.For theSPCA= , SPCA@ , Oja,A-OjaandPowermethods,
thenumberof iterationsperformedwasvaried,givingdifferentexplainedvariancesand
differenttimes.

Oja’s singleunit rule requirestuningtheparametero , andthis variesfor different
datasets.After hundredsof experiments,theoptimalvaluefor thefixed o wasfound
to be0.00088for thefirst classof thehandwrittendigits; 0.0028for thefirst classof
theJapanesecharacters.Theoptimalvaluefor o x for A-Oja wasfoundto be0.00033
and0.0021for thefirst classof thehandwrittendigits andJapanesecharacterdatasets
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Figure8: Originalsamplesfor handwritten0sandthereconstructedsamplesaftercom-
pressionusing10components.

respectively.
Dataorientedmethodsmay be sensitive to the orderof presentationof the data,

so in orderto studythe robustness,50 trials of eachmethodwererun with different
orderingsof thedata.(Oja’s alsohaddifferentinitial randomweightvectorsover the
50 trials.) In the following plots of the results,the black line representsthe median
value,andtheboundariesof thegrey regionrepresenttheupperandlowerquartiles.

Themainadvantageof SPCAis thespeedupachievedover othermethods.Times
areexclusive of the time taken to readthefiles, or to remove themeanof thedata—
only the calculationof the covariancematrix andits diagonalisationareincludedfor
SVD andthepowermethod;only themethodasdescribedis includedin thetiming for
SPCA.

All implementationswerecompiledin C usingthesamecompilerwith thehighest
level of optimisationapplied.All timesweremeasuredin secondsof userandsystem
timeon thesameSUN200MHz UltraSPARC processor.

Notethatonly 10 of the256or 1024possibleprincipalcomponentsarecalculated
usingSPCA,Oja’s singleunit rule andtheHotelling’s power method,(whereasSVD
andHouseholder-QRmethodscalculateall of them).However, asonly 10components
aresought,thismeetswith theintentionof thealgorithm.

The“Maximum” line showsthemaximumobtainableexplainedvariance.Theline
marked“Covariance”shows thetime requiredto just calculatethecovariancematrix.
Clearlythisis alowerboundfor thematrixmethods.For comparison,thetimerequired
to generatethe datain the new coordinatesis shown as“Baseline”. It is the amount
of time requiredif we alreadyknew the principal componentdirectionsare,andso
representsanunobtainablelowerboundonall methods.

5 Conclusion

Wedescribein thispaperanew algorithmfor performingPCA.TheSimplePCAalgo-
rithm is a dataorientedmethod,thatdoesnot requirethecomputationof thevariance-
covariancematrix. It hassimilaritiesto theHebbianlearningmethodsfor neuralnet-
worksbut usesadifferentsetof functionsfor thecorrelationterm,andit doesnotneed
any learningparameters.
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Experimentally, we show that themethodconvergesto solutionsthatpreserve the
sameamountof informationfor thesamecompressionrateasotherdataoriented(eg.
Oja’s rule for Hebbianlearning)andmatrix methods(e.g. power methodandsingle
valuedecomposition).It convergesvery fastso theexplainedvarianceobtainedfor a
smallnumberof componentsis high with little computationwhencomparedto other
methods.We have shown that the methodis robust to differentorderingof the data
samples. It is alsovery simple to implementin softwareor hardwareanddoesnot
requirethetuningof learningparameters.Finally thesimplegeometricinterpretation
is usefulfor userswithouta strongmathematicalor neuralnetwork background.

Theissueof predictingwhatis themaximumexplainedvariancefor agivennumber
of factorsis still anopenquestion.Oneapproachmight beto determinetheeigenval-
ues(andnot eigenvectors)of the covariancematrix, but, for SPCA,this is relatively
very inefficient. This would be useful for a stoppingcriteria of the convergenceof
thealgorithum.However, asmorethan95%of thepossibleexplainedvariance(for a
givennumberof factors)is foundafteronly a singleiteration,theusefulnessof even
anefficientpredictoris doubtful.

ThereforeSPCAis a very usefulsetof techniquesfor dimensionalityreductionin
applicationsthatrequirefrequentupdates(online)or with veryhighdimensionality.

TheC++ codeusedin thispaperis availablefrom theauthorsuponrequest.
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Digits Database: digit 0
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Figure9: Percentageof the explainedvarianceof the handwrittendigits dataset,as
functionof CPUtimespentin calculationby thedifferentmethods.Thetwo insetsare
differentmagnificationsof thegraph.Seetext for a full description.
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Japanese Database: character
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