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Abstract

A fastandsimplealgorithmfor approximatelycalculatingthe principal com-
ponentyPCs)of a datasetandso reducingits dimensionalityis described.This
SimplePrincipal Component#nalysis(SPCA)methodwasusedfor dimension-
ality reductionof two high-dimensionaimagedatabasesneof handwritterdigits
andoneof handwrittenJapaneseharactersit wastestedandcomparedvith other
techniquesOnbothdatabaseSPCAshavs afastconvergenceratecomparedvith
othermethodsandrohbustnesgo thereorderingof the samples.
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1 Introduction

High dimensionaldataanalysisis becomingincreasinglycommonasnew problems
areplacinggreaterdemand®n computingresourcesWith high dimensionabtata,it is
difficult to understandhe underlyingstructure:it is difficult to “seethe woodfor the
trees”.Additionally, the storagetransmissiorandprocessingf high dimensionatiata
placesgreatdemandsn systems.Hence,it is desirableto reducethe dimensionality
of thedata,whilst maintainingasmuchof its original structure.

Sincethe beginning of this century severalresearchergfor example,[2], [6], [8]
and[9]), have developeddimensionalityreductiontechniquesprincipal component
analysigPCA)is oneof thesetechniquesin mathematicalerms,n correlatedandom
variablesaretransformednto asetof d < n uncorrelatedariables Thesauncorrelated
variablesarelinear combinationf the original variablesandcanbe usedto express
the datain a reducedform. Datamodelling and patternrecognitionare betterable
to work on this reducedform, andthe form is efficient for storageandtransmission.
PCAis alsosometimesisedasa datavisualizationtechniquesincehigh dimensional
datasetganbereducedo alow dimensionandthenplotted.

Dueto thecomputationatequirementsf standaranethodonly datawith n < 100
dimensionswvere considereduntil recently Furthermorethe standardechniquesio
notwork adaptvely andsoareoftenmuchtoo slow for real-timeapplications.

We introduce,in this article, the Simple PCA (SPCA) methodthat producesap-
proximatesolutionswithout the needfor calculatinga variance-cwariancematrix and
thendiagonalizingt (asdo mosttraditionalmethodsganddoesnotdepencbnlearning
parameterg¢asdo neuralnetworks). Mostimportantly for high dimensionaldatasets,
SPCAis fasterthanotherexisting techniquesindis easyto implementasa batchor an
adaptvetechnique.

Section2 briefly describegprevious work on batchand adaptve techniquegor
PCA. Section3 describeghe SPCAalgorithmandin Section4 we show the results
of using SPCAon two handwrittencharacterslatabaseand comparethis with other
methodsFinally, Section5 concludes.

2 Dimensionality Reduction Methods

Two typesof methodhave beenusedfor PCA. Firstly, therearethemorecorventional
matrix methodsin which all the dataare usedto calculatethe variance-cwariance
structureand expressit in a matrix. This matrix is then decomposeduchthat the
decompositiomevealsmoreaboutthe principaldirectionsof thevariancesln practice
thisusuallymeanghatthematrixis diagonalizedisingsomenumericakechniquesuch
assingularvaluedecompositioror the HouseholdeQR techniqug[1] and[5]).

We will call the secondype data methodssincethey work directly with the data.
They might beimplementedhdaptvely sothe directionsof the PCsareadjustedafter
a new datumis receved, without the needof reusingall the data. This approachs
suitablefor real-timeapplicationsor for very high dimensionalproblemswherethe
computationakxpenseis animportantconsideration Neuralnetworks with Hebbian
learninghave beenproposedor adaptve PCA[4]. However, the performancef these



schemesiependsheaily on the learningparametersand their properdetermination
makesthemtime consuming.

2.1 Matrix Methods

Most multivariateanalysistextbooks(for example[1], [3], [7] and[10]) describema-

trix methoddor performingPCA. Thegoalis to find theeigervectorsof thecovariance
matrix. Theseeigervectorscorrespondo thedirectionsof theprincipalcomponentsf

theoriginal data,their statisticalsignificancds givenby their correspondingigerval-

ues.In moredetail,thesetechniqueganbestructuredas:

1. Collectx; of ann dimensionabatasetX, i =1,2,... ,m.

2. Meancorrectall the points: calculatethe meanx andsubstractt from eachdata
pointx; — X.

3. Calculatethe variance-cwariancematrix C. Sometimeshe correlationmatrix
R is usedinstead.

Cij = (xi —X)(x; — X)

4. Determineeigervaluesand eigervectorsof the matrix. C is a real symmetric
matrix so a positive real number) anda nonzerovectora canbe found such
that

Ca =)\

where) is calledaneigervalueanda is aneigervectorof C. To find anonzero
a thecharacteristiequationC — AI| = 0 mustbesolved. If C isan xn matrix
of full rank,n eigervaluescanbefound Ay, Az, ... , A,. Using(C — A)a =0

all thecorrespondingigervectorscanbefound.

5. Sortthe eigervalues(andcorrespondingigervectors)sothatA; > Ao > --- >
An-

6. Selectthefirstd < n eigervectorsandgeneratahe datasetin the new (usually
compressedepresentation.
2.1.1 Finding Eigenvaluesand Eigenvectors

The determinatiorof eigervaluesandeigervectorsin item 4 above canbe performed
usingary diagonalizatiorroutine. If thematrix A = (a1, @, ... , o) containsthe
eigervectorsof asymmetriamatrix C, thenA is orthogonalandC canbedecomposed
as

C = ADAT



whereD is adiagonalmatrix of theeigervalues.SingularvaluedecompositioffSVD)

is widely usedfor this diagonalisatiofbecaus®f its numericalstability. It will always
find all the eigervaluesandeigervectors,evenwhenonly the biggesteigervaluesand
correspondingpigervectorsarerequired. SVD canalsobe viewed asa moregeneral
methodusedfor solvingthe eigen-problenin non-squarenatrices.

However, the fastestknown techniquefor finding all the eigervectorsand eigen-
valuesof a squarematrix s to firstly transformthe matrix into tridiagonalform (using
the Householdetransformationandthento decomposehis tridiagonalmatrix into
C = QR form, whereQ is orthogonabndR is uppertriangular(se€e[5]).

We ultimatelywantd < n of the eigervaluesandeigervectors.If d <« n thenit is
wastefulto calculateall n eignevaluesandeigervectorsonly thento discardn — d of
these Hotelling’s power method[6] is aniterative techniquewhich canbeusedto find
justthelargestd < n of the eigervaluesandeigervectors.As it findsthe eigervalues
andeigervectorsin order item 5 above is unnecessanAs it is aniterative technique,
thetime takendepend®n the numberof iterationsrequireduntil corvergence.

Thetime compleity of thematrix methoddor thedifferentitemsgivenabove are:
item 2: O(mn), item 3: O(mn?), item4: O(n?) for SVD andHouseholdeQR and
O(dn?) for Hotelling'spowermethodjtem5: O(nlogn), item6: O(dn). In summary
to calculatethe principal component®f a datasetisingSVD or the HouseholdeQR
techniquethetime compleity is O(mn? + n?), andusingHotelling’s power method,
it is O(mn? + dn?).

2.2 DataMethods

Althoughonly d of then dimensionsare used,we seethatthe compleity of matrix
methodggrow atleastquadraticallywith thedimensiorof thedata.This canrenderthe
matrix methodsmpracticalwhenn is large,or whentime is ata premium.

For thisreasomeuralnetwork modelsthatperformPCA have recentlybeendevel-
oped[4], mostof themusingHebbianlearningrules.In generatheseneuralnetworks
will containprocessinginitswith forward connectiongivenby matrix A, wherethe
columnvectorsa; aretheconnectiondetweertheinputsx;, andtheoutputy;. Theit"
weight, a; is usedto approximatehei eigervector a;. Theoutputunitshave avalue
givenby:

yi = aj X
In someof Hebbianarchitectureghereare alsolateralconnectiondetweenoutputs,
suchthattheseoutputseffecteachother(see[4] for afull description).
In the k™ iteration,Hebbianlearningrulesupdatethe weightsusing:
ajt' = af + @(y;,xx) (2)

where® is somefunctionof theinputsandoutputs.



Oja’sruleis apopularHebbiantechniquéor finding a principalcomponentandis
representatie of mary of the approachesvhich have beenstudied. Its form for @ is
givenby:

®(ys, xx) = Br (yixr — yiyial)

where 3, is a learningrate, y;x;, is known asthe Hebbianterm, and yiyiaf is an
anti-Hebbiarterm. The Hebbiantermis responsibldor driving the weighta® towards
the eigervectore;, andthe anti-Hebbiarntermis responsibldor keepingthe weights
bounded All Hebbianlearningruleshave the Hebbianterm;they vary in thelearning
parameterthe anti-Hebbianterm andthe lateralconnectionsnatrix. It canbe shavn
thatundersomereasonableonditionsthata® — a; ask — oo (seef4]).

The compleity of Hebbianrulesis O(dmn) for the determinatiorof d principal
componentsf m n-dimensionatlata. Theconstantslependn thetime requireduntil
convergencewhichin turnis dependantargely onthelearningrate 3.

3 TheSmplePCA (SPCA) Algorithm

In this sectionwe describea new algorithmthat producesapproximatesolutionsin an
efficientway. It is a dataorientedmethodandlike in Hebbianlearning,the algorithm
doesnot explicitly calculatenor diagonalisehe covariancematrix. Also SPCAdoes
not requirethe tuning of learningparameterga problemwith Hebbianlearning)and
corvergencds obtainedwith veryfew iterations.

SPCAIs not a Hebbianalgorithm, althoughit doeshave similarities. It doesnot
necessarilyadd a Hebbianterm (linear function of y;x;), instead,SPCA considers
otherforms of ®. In particular we will shawv herethe resultsfor two differentfunc-
tions ®; and ®,. As SPCAIs intendedto be a fastapproximatorfor the principal
componentsye consideithethresholdfunction:

xp ify; >0
0 otherwise

(Pl(yiaxk) = {

Whenconsideringmeancorrecteddata,it canbe shavn thatthis is equivalentto
chosing®¥, exceptthat®; canbeimplementedaster

+xp ify; >0
—x; otherwise

O (yi, xx) = {

We alsoconsidera secondunction, ®, which givesthe Hebbianterm.

Dy (yi, Xk) = YiXe



Eachprincipal componentirectionfoundis normalisedjn orderto avoid diver-
gence,so we do not usethe anti-Hebbianterm. Either of thesealgorithmsmay be
implementedn aniterative or a batchmode. Initially a® canbe setto ary vector In
abatchmode,thesumof ®(y;, x;) overall samples;, is calculatedvherey; is cal-
culatedrelative to the old estimatea®. (For ®, this is equivalentto summingthose
vectorspositively correlatedwith a*.) This sumis thennormalisedto give the new
estimatgequation?).

AF L > ®(yir x;5)
RS

In aniterative mode,updatingis performedaccordingto equationl, andthe esti-
mateis normalisedonceevery pass. Unfortunatelywith ®,, the termsa* andy can
divergeduringthe passjf unconstraineddence®, is modifiedfor theiterativeruleto
includea normalisingconstant:

; yi = (a*) " x; )

’ 1
BLE" (y;, %) = W?]ixk

Sofarthe methodof finding oneprincipalcomponenaccordingo SPCAhasbeen
describedIn orderto find the next principalcomponenttheeffect of thefirst principal
componenis removedfrom thedatasetsoasto avoid beingfoundagain.Theremoval
of acomponenfrom thedatasetis called“deflation”. Thisis performedoy subtracting
the componenbf eachdatumwhich is parallelto the principal componenfrom that
datum,leaving only an orthogonalcomponent.Thatis, datumx;, is deflatedby the
unit principalcomponentirectiona, accordingo:

x, = x; — (aT'x;)a

ThebatchSPCA algorithmis geometricallydescribedn Figuresl to 3.

The algorithmic compleity of the SPCA algorithmsis O(dmn) which is equal
to the compleity of Hebbianlearningalgorithms,however eachiterationof SPCAis
fasterandwe experimentallyshowv thatthetime takenuntil corvergences faster

4 Experimentsand Results

Thegoalof PCAisto explainasmuchvarianceaspossiblewith thesmalleshumberof
variables(PCs).All the methodavhich we examinedhave similar compressiomates,
thatis whenthey have corvergedthey all explain approximatelythe samevariance
usingthe samenumberof principalcomponents.

Our intention with theseexperimentsis twofold, first to shov that SPCAis a
fastmethodfor producingthe principal components.This is importantsincein both
databasea smallnumberof variablescanbe usedto explain mostof the variance(ie
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Figure 1. Data points Figure2: A betterapprox-  Figure3: The datais de-

flated onto the plane or-
thogonalto the PCfound.
SPCAis thenrepeatedn
thedeflateddata.

thereis ahighcompressiomate).SecondlythatSPCAs performancés robust,(ie. the
errorsdueto reorderingthe dataaresmall).

Forthesale of succinctnesge only shawv heretheresultsontwo datasetsf optical
charactersseveral otherdataset§14 < n < 10 304) in differentdomainshave been
experimentedvith andsimilar resultshave beenobtained. Theseresultsaregivenin
termsof theaccumulate@xplainedvariance( EV) of d principalcomponents.

d d
Zi:1 Ai — Zi:1 Ai

Tr(C) i

This shawvs the accumulatedelevanceof the principal componentsvhich arefound,
relative to thetotal varianceof the dataset.

EVy =

4.1 Datasets

The handwrittendigits datasetompiledby AT&T [11] consistsof 11716samplesn

256-dimensionajreyscaleimagedq16 x 16) classifiedn 10 classespnefor eachdigit:

mostarereal handwritten;someareartificially generatedMost of the classesontain
morethan1000samplesExamplesf theseémagesaregivenin Figure4.

1357229713

1 2

Figure4: Sampleémagesof the handwritterdigits database.

The seconddatabasestudiedwas basedon a setof handwrittenJapanesdaniji
charactersepresenteth 32 x 32 greyscaleimages(1024dimensionsformedby av-
eraging2 x 2 regionsin the original 64 x 64 binaryimagesof the characters.Only



a smallsubsebf the original databasevasusedfor theseexperiments:we used1920
itemsof 1024-dimensionadatafrom 12 classesTherewerel60imagesof eachof the
12 classesised. Examplesf theseémagesaregivenin Figureb.
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Figure5: Samplemagesof thehandwrittenJapanesdatabase.

4.2 Methods

Thematrix methodswvhich we examinedweresingularvaluedecompositioffNumeri-
cal Recipesimplementatiori5]), HouseholdeQR (NumericalRecipesimplementa-
tion [5]) andHotelling’s powermethod(from [4]). In thediagramawvhichfollow, these
aregiventhelabels*SVD”, “HouseholderQR” and“Power” respectrely.

Thedataorientedmethodsvhichwe examinedwereOja’s single-unitrule, SPCA
andSPCA. For Oja’srule, in orderto calculatemorethanoneprincipal component
direction, the deflation procedure(given above) was used,as opposedto Oja’'s M-
unit rule or Sangers rule (see[4]). This wasdonein orderto examinethe effects of
the SPCAalgorithmin isolation,thoughno significantdeparturegrom the multi-unit
ruleswerenoted.We experientedvith two versionsof Oja’s single-unitrule, onewith
afixedlearningrate 3, andonewith alearningratewhichis optimally ([4]) adaptvely
changedaccordingo

o=
Ok

whereoy, is roughlyequalto thevarianceof the output,asdefinedin [4]. Oja’s single-
unit rule with the fixed learningrateis denotedby “Oja”; with the adaptve learning
rate,by “A-Oja” in thefigureswhich follow.

In all the following experimentsinvolving SPCA we applied one iterative pass
throughthe datausing®, this wasfollowed by betweerzeroandtenbatchiterations
using®, for SPCA and®, for SPCA.

4.3 Results

In Figures6 and7 we have plottedthe explainedvarianceof 10 componentsasa per
centagdor the SPCAmethodsfor differentnumbersof iterations. The dashedines
in thesefiguresrepresenthe maximumobtainableexplainedvariance—thisxplained
variancewasobtainedusingSVD. The performancesf SPCA is denotedwith a“1”;
SPCA with a“2". We notethatwith bothdatasetthe methoddehaein similarways
for all the classesthey all tendto converge to the maximum,andthat the explained
variancefor the simplerimagesis higherthanfor the comple< ones. We give more
detailsof theseresultsfor thefirst classof eachdatabase.
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Figure6: Corvergenceof explainedvarianceof SPCAasa function of iterations,for
differentclasse®f the handwrittendigits dataset.
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Figure7: Cornvergenceof explainedvarianceof SPCAasa functionof iterations,for
differentclasse®f the handwrittenJapanesdataset.

Figure8 shaws the reconstructe@magesafter compressionusing10 components,
we can seethat this compressiorstill retainsmostof the significantfeaturesof the
image.

We now turn our attentionto the speedupmchiezed with SPCA.Figures9 and 10
shawv the explainedvarianceof 10 component$oundby eachmethodagainsthetime
takento computehesolution.FortheSPCA , SPCA, Oja,A-OjaandPavermethods,
thenumberof iterationsperformedvasvaried,giving differentexplainedvariancesand
differenttimes.

Oja’s singleunit rule requirestuning the paramete3, andthis variesfor different
datasets After hundredsf experimentsthe optimal valuefor thefixed 8 wasfound
to be 0.00088for thefirst classof the handwrittendigits; 0.0028for the first classof
the JapaneseharactersThe optimalvaluefor g, for A-Oja wasfoundto be 0.00033
and0.0021for thefirst classof the handwrittendigits and Japaneseharactedatasets
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Figure8: Originalsamplegor handwritterDsandthereconstructedamplesftercom-
pressiorusing10 components.
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respectrely.

Data orientedmethodsmay be sensitve to the orderof presentatiorof the data,
soin orderto studythe robustness50 trials of eachmethodwererun with different
orderingsof the data. (Oja’s alsohaddifferentinitial randomweightvectorsover the
50 trials.) In the following plots of the results,the black line representshe median
value,andtheboundarie®f thegrey region representhe upperandlower quartiles.

The mainadwantageof SPCAIs the speedumchieved over othermethods.Times
areexclusive of thetime takento readthe files, or to remove the meanof the data—
only the calculationof the covariancematrix andits diagonalisatiorareincludedfor
SVD andthepower method;only themethodasdescribeds includedin thetiming for
SPCA.

All implementationsverecompiledin C usingthe samecompilerwith thehighest
level of optimisationapplied.All timesweremeasuredn second®f userandsystem
time onthesameSUN 200 MHz UltraSRARC processar

Notethatonly 10 of the 256 or 1024 possibleprincipalcomponentsrecalculated
usingSPCA,Oja’s singleunit rule andthe Hotelling’s power method,(whereassvVD
andHouseholdelQR methodscalculateall of them).However, asonly 10 components
aresoughtthis meetswith theintentionof thealgorithm.

The“Maximum?” line shavs the maximumobtainablesxplainedvariance . Theline
marked“Covariance”shavs thetime requiredto just calculatethe covariancematrix.
Clearlythisis alowerboundfor thematrix methods For comparisonthetimerequired
to generatdhe datain the new coordinatess shavn as“Baseline”. It is the amount
of time requiredif we alreadyknew the principal componentirectionsare, and so
representanunobtainabldéower boundon all methods.

5 Conclusion

We describan this paperanew algorithmfor performingPCA. TheSimplePCAalgo-
rithm is a dataorientedmethod thatdoesnot requirethe computatiorof the variance-
covariancematrix. It hassimilaritiesto the Hebbianlearningmethodsfor neuralnet-
worksbut usesa differentsetof functionsfor thecorrelationterm,andit doesnotneed
ary learningparameters.
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Experimentallywe showv thatthe methodcornvergesto solutionsthatpresere the
sameamountof informationfor the samecompressiomateasotherdataoriented(eg.
Oja’s rule for Hebbianlearning)and matrix methods(e.g. power methodandsingle
valuedecomposition) It cornvergesvery fastso the explainedvarianceobtainedfor a
smallnumberof componentss high with little computationwhencomparedo other
methods. We have shavn thatthe methodis robust to differentorderingof the data
samples. It is alsovery simpleto implementin software or hardware and doesnot
requirethe tuning of learningparametersFinally the simplegeometricnterpretation
is usefulfor userswithouta strongmathematicabr neuralnetwork background.

Theissueof predictingwhatis themaximumexplainedvarianceor agivennumber
of factorsis still anopenquestion.Oneapproachmight beto determineheeigerval-
ues(andnot eigervectors)of the covariancematrix, but, for SPCA, this is relatively
very inefficient. This would be usefulfor a stoppingcriteria of the convergenceof
the algorithum. However, asmorethan95% of the possibleexplainedvariance(for a
givennumberof factors)is found after only a singleiteration,the usefulnes®f even
anefficient predictoris doubtful.

ThereforeSPCAIs a very usefulsetof techniquegor dimensionalityreductionin
applicationghatrequirefrequentupdategonline) or with very high dimensionality

The C++ codeusedin this paperis availablefrom theauthorsuponrequest.
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Figure9: Percentagef the explainedvarianceof the handwrittendigits datasetas
functionof CPUtime spentin calculationby thedifferentmethods Thetwo insetsare

differentmagnificationsof thegraph.Seetext for afull description.
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Figurel0: Percentagef theexplainedvarianceof thehandwrittenJapaneseharacters
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